Numerical solutions of the.fourth-moment differential equation are obtained for a finite, initially Gaussian beam propagating in a. two-dimensional homogeneous and isotropic random medium with a Gaussian correlation function. In addition to the covariance of the intensity fluctuations, the full spatial dependence of the fourth moment of the propagating field is described for several beam diameters and propagation lengths.
INTRODUCTION
The propagation of laser beams in a clear, nonattenuating atmosphere (i.e., neglecting atomic and molecular absorptions as well as Rayleigh and Mie scattering) may be severely limited by the atmospheric turbulence. Beam spread, loss of optical resolution in .imaging systems, beam jitter, and deep intensity fluctuations in line-of-sight communication systems are but some of the degrading effects that are due to the random, inhomogeneous refractive index of the atmosphere."' 2 Current theories of laser beam propagation in the turbulent atmosphere are based on moment equations that describe the propagation of the various moments of the radiation field. 3 The second-moment equation (whose solutions determine the average intensity distribution across the beam profile as well as the resolution limit of the inhomogeneous medium) is easily solved for both plane and spherical waves, 3 ' 4 and the results are equivalent to those obtained from the extended Huygens-Fresnel principle. However, the equations for the higher moments have not been solved to date by exact analytical methods. Of particular importance is the fourth moment, since it contains information about the intensity fluctuations and their correlations. This moment has been studied by perturbation,"l 2 asymptotic, 6 -8 and numerical techniques. 9 -1 3 The perturbation results, all based on the Rytov approximation,' predict a monotonic increase of the normalized variance of the fluctuating intensity I, shown that xoi2 saturates at a value of the order of unity,' 4 and therefore perturbation techniques are useful only when ac2 < 1. One of the first theoretical treatments that showed that the fourth-moment equation is capable of predicting saturation was a numerical study 9 that was followed by other numerical solutionsl0-' 2 and various asymptotic results. 6 -8 Recently, a two-scale approximation algorithm was developed' 5 -' 7 that has produced results that are in close agreement with available numerical solutions for plane-wave propagation in a two-dimensional random medium characterized by either a Gaussian 12 "1 5 ' 1 6 or a Kolmogorov13"1 7 correlation function. During the development of the two-scale method, these numerical solutions proved to be extremely useful as a bench mark in spite of the two-dimensional nature of the numerical model and the particular choice of the correlation function. Finite-beam propagation is more complicated than the propagation of either plane or spherical waves. The latter waves have the obvious property that their fields exist at all points in space, and therefore they cannot exhibit degradations related to the finite dimensions of the beam, such as turbulence-induced fluctuations of the center of mass of the beam as well as beam spread. This paper will present the numerical solutions of the fourth-moment equation for an initially Gaussian beam propagating in a two-dimensional random medium with a Gaussian correlation function. It is a followup on a preliminary publication." Section 2 presents the governing differential equations for both the second-and fourth-order moments, and in Section 3 we describe the finite-beam solution for the second moment, which is required for the evaluation of oI 2 [Eq. (1)]. The fourth-moment equation and its physical significance are discussed in Section 4 along with an algorithm for its solution. A Born-type perturbation solution of the fourth-moment equation is derived in Section 5, and in Section 6 we present the results of both the numerical solution and the perturbation technique.
THE MOMENTS EQUATIONS IN TWO DIMENSIONS
Our two-dimensional model is generated from the threedimensional physical world (with z the propagation direction and x and y the transverse coordinates) by assuming translational invariance in they direction of all initial conditions as well as for the random index-of-refraction field n[=n (x, z) ]. The form of the differential equations that govern the propagation of the second and the fourth moments can be obtained, therefore, from their well-established 3 three-dimensional counterparts simply by omitting the y dependence. Thus, if we define the second and the fourth moments of a propagating quasi-monochromatic field U(x, z) with frequency v by r2 = (U(X,,z)U*(X 2 ,Z)) (* denotes complex conjugation) (2) and
then, in terms of scaled coordinates, the governing differential equations are
r = z/kl"2 (5) (ln is the characteristic length for the refractive-index fluctuations, and kl 2 is the distance required by the diffraction process to transform phase fluctuations into intensity fluctuations'), 
Here, the scaled transverse coordinates are
p= (x,+x 2 +x 3 +x 4 )/4Do, q= (X1-X2-X3+X4)11,
and Do is the initial diameter of the input beam. The scattering function f(-) is defined in terms of a(.):
The correlation function a(x, s,) can assume various functional forms depending on the nature of the random medium. In this work, attention is focused on a Gaussian correlation function with the following two-dimensional form:
which yields at) = a(0)exp(-2 ), a(0) = |;lzao- (16) Although 
THE SECOND MOMENT FOR A FINITE BEAM
A Fourier transformation of Eq. (4) with respect to p produces a first-order partial differential equation that can be solved by the method of characteristics' 8 to give
(8)
(10) (19) where I U 0 12 measures the initial on-axis intensity, the final result is
The mean irradiance profile of the beam at range ¢ and a transverse distance p is given by
For large enough values of yA, the last exponential factor in Eq. (21) is negligibly small, unless a' is small. In the region of small a', the error function may be expanded in a Taylor series. Retaining only the first nonvanishing term of the expansion, we obtain a Gaussian profile for the transverse irradiance distribution: 
where 
-y
The second condition ensures that D(r) is dominated by the 3 scattering term. Figure 1 describes the range dependence of the on-axis irradiance I(D, 0) for , = 0.5,5 and two values of A: Do/ll = 1, 4. The transverse irradiance distributions of the beam I(t, x/ll) at r = 5 and v = 10 also appear in the figure along with the free-propagation profiles. The dashed lines are the results of the approximate analysis [Eqs. (22) and (23)]. The fit for y = 5 is excellent. But even for Py = 0.5 and r = 10, the approximate analysis gives a fairly good estimate.
Detailed calculations of the propagation of the second moment of a finite beam in three-dimensional random media appear in Refs. 2, 6, 18, and 19.
FINITE-BEAM SOLUTIONS FOR THE FOURTH MOMENT
It has already been shown" that the displaced Fourier transform of r 4 , M(G, i, , X, q) = -1 J r 4 ( , X, l, p, q + W#iB)exp(-iXp)dp, 2 or _ ,( (25) satisfies a much simpler partial differential equation (26) which has only three independent variables I, 7, and r and two parameters q and X. It is also similar in form to the 
Also, by integrating Eq. (26) with respect to i7 between infinite limits, a conservation law is obtained (assuming that 
or d I dp I d&7I 4 (t, 0,1 7, p, 0) = 0. (27) To find r 4 (G, I, 7, p, q) at an arbitrary range r = A, given that r4(O, (, 77, p, q) (to < cf), we first calculate M(to, a7, X, q -Xtf/fl) from the given r 4 (t = 0, I, n, p, q) and Eq. (25) (29) Using the scaling of Eqs. (5) and (11)- (13) did not exist, and (pcm 2 ) was calculated using various approximations that are discussed in Ref. 21 .
All the above-mentioned observables are extracted from r 4 (G, a, 7, P, q) with q = 0 and -q = 0. The importance of F 4 with q = 0 has been discussed in Refs. 12, 22, and 23. Numerical results for r 4 (G, I, a, p, q = 0) with both t 5d 0 and wei 0 will be presented in Section 6 along with their physical significance.
A BORN-TYPE SOLUTION FOR r 4
When -y is small, a perturbation solution can be developed for M(r, a, 77, X, q). We expand M(-) in powers of y: (37) can be easily solved by using Fourier techniques:
I(.) is the intensity, and P = S-. I(x, z)dx is the conse total power of the beam. Using our definitions and n tion, it can easily be shown that the normalized mean sqi of Pcm is directly related to M(. and for a moderate level of scattering given by -y = 0.5.
Since program execution required a formidably long run time and close to 90% of the core memory of a CDC 6600 computer, we had to choose a particular value for -y. The value Sy = 0.5 was selected, since it is large enough to give saturation at a reasonably short range but not so large as to cause numerical problems (e.g., too small characteristic scattering lengths). 32 The beam profile at ¢ = 0 was assumed Gaussian, as in Eq. (19) , and the X integration in Eq. (28) 
Aj is the value of ¢ at the range under consideration. Clearly, to ensure accurate Fourier transformation, one requires that Fig. 4(b) . At this range, the boundaries of the numerical grid are too close, the conservation law [Eq.
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(40) of Ref. 12] is not satisfied, and we have a spread that increases with x/ll (for x/ll = 0, the expected accuracy is 5%).
Nevertheless, it is seen that the correlation length of the intensity fluctuations of the plane wave is shorter than that of the finite beam. We conclude this section by noting that we also found that, for small to moderate values of p, there is only a slight dependence of C 1 (p, 7) , A) on p.
B. Numerical Solutions for the Spatial Behavior of r4
(¢, A, p, q = 0) and M(t ~, 7, X, q = -Xk/,)
Since we hope that, in the future, analytical solutions of the fourth-moment equation for the finite beam will be developed, we present here more details about the spatial behav- istic scale of order unity, but then has a tail long enough to satisfy the conservation law [Eqs. (27) ]. This type of behavior has also been described by Brown 10 for the propagation of a two-dimensional plane wave in a two-dimensional Kolmogorov-type random medium.
The physical significance of r 4 when t X i7 0 0 has been discussed in Refs. However, when Do/ll -4 two scales can be observed in Fig. 9 for P 4 (G, (, 7, p, q = 0): a short scattering scale and a long diffraction scale. Also, in Fig, 9 Im r 4 (, 77, p, P.q = 0)I1 is positive for Doll, = 1 but negative for Do/l, = 4. This behavior is also shared by the plane-wave fourth mnoment. 
CONCLUSION
In this paper we have presented numerical solutions of the fourth-moment equation for an initially finite, Gaussian beam propagating in a two-dimensional random medium characterized by a Gaussian correlation function. The results reveal interesting characteristics of the propagation process and clearly show the distinction between the propagation of plane waves and finite beams. It is our hope that these solutions will prove useful in checking new anAlytic methods for the yet unsolved fourth-moment equation<.-It is also important that these computations be extended to higher values of -y and t6 other correlation functions and, in particular, to power-law, Kolmogorov-type functions.
